We determine the Langlands data of a certain irreducible subquotient of the degenerate principal series representation of a metaplectic or a quasisplit even unitary group. The subquotient occurs as a local component of an automorphic representation generated by a certain holomorphic cusp form.
Introduction
In his long-awaited book [1] , Arthur established a classification of irreducible admissible representations of symplectic and quasisplit special orthogonal groups over local fields of characteristic 0 as well as a description of the automorphic discrete spectrum of these groups over number fields. Its metaplectic analog formulated by Wee Teck Gan [4] describes the automorphic discrete spectrum A disc (Mp n ) of the metaplectic group of a symplectic vector space of dimension 2n over a number field F with adèle ring A (cf. [5] ). For a fixed additive nontrivial character ψ of F \A one expects that A disc (Mp n ) = ⊕ Ψ L 2 Ψ,ψ , where Ψ = ⊕ i Π i ⊠ sym ri−1 is a global discrete A-parameter for the odd orthogonal group SO 2n+1 . Here Π i is an irreducible cuspidal automorphic representation of GL ni (A) such that if r i is odd, then its exterior square L-function has a pole at s = 1 while if r i is even, then its symmetric square L-function has a pole at s = 1. Moreover, ∑ i r i n i = 2n, sym ri−1 is the irreducible r i -dimensional representation of SL 2 (C) and the summands Π i ⊠ sym ri−1 are mutually distinct.
We specifically consider the case in which Ψ = π ⊠ sym n−1 , n is odd and π is an irreducible cuspidal automorphic representation of PGL 2 (A). For each v one has a local A-packet Π Ψv,ψv = Π + Ψv,ψv ⊔ Π − Ψv,ψv of equivalence classes of unitary admissible representations of the local metaplectic group associated to the local Aparameter Ψ v = π v ⊠ sym n−1 and ψ v . The subset Π + Ψv,ψv contains the Langlands quotient A + n,ψv (π v ) of the standard module
Here α Fv denotes the normalized absolute value of F v . We refer to the body of this paper for unexplained notations. It is conjectured that
Ψv ,ψv
If F is totally real of degree d and π is generated by a Hilbert cusp form of weight 2κ, where κ = (κ v ) ∈ Z d and κ v > n 2 , then the holomorphic discrete series representation with lowest weight κ v + n 2 is contained in Π
, then there should be a Hilbert-Siegel cusp form of weight κ + n 2 whose p-component is the small nontempered representation A + n,ψp (π p ). When F = Q and π is everywhere unramified, such a Siegel cusp form is constructed in [8, 7] .
In this paper we will study the representation A + n,ψp (π p ) for finite primes p. If π p ≃ I(µ p , µ −1 p ), then A + n,ψp (π p ) is equivalent to a degenerate principal series representation I ψp n (µ p ). When π p is a twist of the Steinberg representation by a nontrivial quadratic character ν p of F × p , we shall show that A + n,ψp (π p ) is equivalent to the unique irreducible subrepresentation of I ψp n (ν p α
Fp ). Ikeda and the author proved a large portion of (1.1) in [9] a few years ago. The result of the present article will be an essential ingredient to generalize the work.
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Notation
The ground field F is a finite extension of Q p . Let Ω(F × ) be the group of all continuous homomorphisms from F × to C × . The symbol α F ∈ Ω(F × ) denotes the normalized absolute value and 1l GLm denotes the trivial representation of GL m (F ). For j ≤ m we let Q m j = L m j U m j denote a standard parabolic subgroup of GL m with Levi subgroup L m j ≃ GL j × GL m−j . We associate to a pair of characters
We use the abbreviation I n (µ 1 , µ 2 ) = I 2n n (µ 1 , µ 2 ) and I(µ 1 , µ 2 ) = I 1 (µ 1 , µ 2 ). Note that
The symbol St stands for the Steinberg representation of GL 2 (F ). Recall the nonsplit short exact sequence:
Fix a nontrivial additive character ψ on F . For η ∈ F × we define an additive character ψ η of F by ψ η (x) = ψ(ηx) and have an 8 th root of unity γ(ψ η ) such that for all Schwartz functions ϕ on F ∫
where dx is the self-dual Haar measure on F with respect to the Fourier transform
Degenerate principal series representations and Weil representations
We treat metaplectic and unitary groups, which we refer to as Cases M and U. Let x → x τ be the trivial automorphism of E = F in Case M. Let E be a quadratic extension of F and x → x τ the nontrivial automorphism of E over F in Case U. The character ϵ E/F ∈ Ω(F × ) corresponds to E/F via class field theory. When Π is a representation of GL k (E), let τ Π denote the representation of GL k (E) defined by τ Π(A) = Π(A τ ) for A ∈ GL k (E). When π is an irreducible admissible representation of GL k (F ), we denote its base change to GL k (E) by π E . We express various things by matrices. Put
For k ≤ n the group G n has a maximal parabolic subgroup P n k = M n k N n k given by
In Case M we denote the two-fold metaplectic cover of G n byG n and identify it as a set with G n × {±1} in the standard way. When S is a subgroup of G n , we writeS for the pull-back of S inG n . Note that
Given a representation σ of GL k (E), we can obtain a genuine representation σ ψ of H k by σ ψ ((A, ζ)) = γ ψ ((A, ζ))σ(A). To make our exposition uniform, we writẽ
and v n n (z) =
(
Assume m to be odd in Case M. The action ofP n n is given by the following formulas:
. By the invariant distribution theorem of Rallis (see [16, 15] 
Let R ψ n (m, ν) be the subrepresentation of I ψ n (να
In Case U there are precisely two equivalence classes V ± m of nondegenerate Hermitian spaces of dimension m,
After Kudla and Rallis [12] gave a complete description of all points of reducibility and the composition series of the degenerate principal series representations for symplectic groups, analogous studies were done by Kudla and Sweet [13] for unitary groups and by Sweet [17] for metaplectic groups. These works include the following statements.
Lemma 2.1 ( [17, 13] ). We assume n to be odd in Case M. Let ν ∈ Ω(E × ).
has a unique irreducible subrepresentation, which we denote by St ψ n (ν). Moreover,
Furthermore, St ψ n (ν) cannot appear as a quotient of I ψ n (να
Main theorems
Let π be an irreducible infinite dimensional unitary representation of GL 2 (F ) whose central character is denoted byω. When π is a discrete series representation, the Jacquet-Langlands correspondence associates to π an irreducible representation π − of the multiplicative group of the quaternion division algebra over F . To unify notation, we set π + = π. We extendω toχ ∈ Ω(E × ). We requireω =χ to be the trivial character and view π + as a representation of the split special orthogonal group PGL 2 (F ) ≃ SO(1, 2) and π − as a representation of the anisotropic special orthogonal group SO(3) in Case M. Now we define irreducible representations A ±,χ 1,ψ (π). In Case M we let A ±,χ 1,ψ (π) = A ± 1,ψ (π) := θ ψ (π ± ) be the theta lift ofπ ± toG 1 with respect to ψ, whereπ ± denotes the unique extension of π ± to a representation of the split or anisotropic orthogonal group having a nonzero theta lift toG 1 . Here we set A − 1,ψ (π) = 0 if π is not a discrete series representation. In Case U the representationχ −1 ⊠ π defines a representation of G 1 in view of the accidental isomorphism
Since it is irreducible or the direct sum of two irreducible summands, we can writê
We take n to be odd. Then there is a parabolic subgroup P n of G n with Levi subgroup GL 2 (E) × · · · × GL 2 (E) × G 1 . We define A ±,χ n,ψ (π) as the Langlands quotient of the standard module IndG ñ Pn (α
When π is not supercuspidal, the following theorem describes A ±,χ n,ψ (π) in terms of degenerate principal series representations.
Theorem 3.1. Let n be odd and π an irreducible infinite dimensional unitary representation of GL 2 (F ) whose central character is trivial if E = F .
(1) If π ≃ I(µ,ωµ −1 ), then
Remark 3.2. One can derive analogous results for symplectic and split even orthogonal groups of even rank from [10, 2, 12] (cf. Theorem 8.2 of [19] ).
We conclude this section by sketching the proof of Theorem 3.1(1). The proof uses some inductive structure of degenerate principal series. It is important to note that quadratic or Hermitian spaces of odd rank n has Witt index greater than or equal to n−3 2 . As given in Proposition 1 of [14] we obtain an intertwining map ) ⊕ ξ ′ with ξ ′ ∈ Her n−2 , Lemma 8 of [14] asserts that it factors through the map Ψχ n (µ). In particular, Ψχ n (µ) is nonzero. Actually, Ψχ n (µ) is nonzero on each of the irreducible summands of I ψ n ( τχ−1 µ E ) in light of Lemma 2.1 (1) . Note that I ψ n ( τχ−1 µ E ) is irreducible unless E ̸ = F and ω −1 µ 2 = ϵ E/F by [17, 13] . We therefore infer by induction that I ψ n ( τχ−1 µ E ) is equivalent to a subrepresentation of IndG ñ Pn (α
which is unique in light of the Langlands classification. Theorem 3.1(1) can now be deduced from the case n = 1, which is easily proved (see Proposition 4(3) of [18] ). Sections 4 and 5 are devoted to the proof of Theorem 3.1(2), (3) and (4).
Jacquet modules of degenerate principal series representations
When Π is a smooth representation ofG n , let Π N n k be the normalized Jacquet module of Π with respect toÑ n k , viewed as a representation ofM n k . Our proof relies on extensive computations of the Jacquet module of degenerate principal series. 
Proof. When E ̸ = F and k = 1 or n, this result is proved in [13, Lemma 2.1, Proposition 5.1] (cf. [12, Lemma 2.1, Proposition 4.1]). Note that the unnormalized Jacquet module is considered in [13, 12] . The proof can be done by the same technique. Chapter 4 of [6] determines the orbit structure of P \G n for the action of Q for any pair P, Q of maximal parabolic subgroups of G n . Letting j =m k = n, ℓ = k and m ′ = 2n, we see that G n is the disjoint union of the double cosets Ω r = P n n ϵ r P n k (0 ≤ r ≤ k) . The matrix ϵ r = ϵ r,s is defined in (4.14) and (4.15) of [6] . Note that s is necessarily equal to n + r − k by (4.12) of [6] . Put S n k,r = ϵ −1 r P n n ϵ r ∩ P n k . By (4.19) of [6] we have S n k,r = T n k,r U n k,r , where
The closure of an orbit Ω r is given by ⊔ i≥r Ω i . The stratification of G n by Ω r gives rise to anM n k -stable filtration
where J r is the set of functions in I ψ n (χ) whose restriction to the closure of Ω r+1 vanishes. The successive quotients are given by
by (4.20) of [6] . Proposition 6.3.3 of [3] shows that
where δ P n k is the modulus character of P n k and γ r is the modulus character of T n k,r
These complete our proof. □ When V is an isotropic Hermitian space of dimension m, let V ′ be the Hermitian space of dimension m − 2 obtained by deleting a hyperbolic plane from V . 
Proof. The exact sequence given in Proposition 5.3 of [13] is split by assumption, which gives the stated decomposition in Case U. The case of metaplectic groups can be verified in the parallel way. □
Proof of the main theorem
Then HomG n (I ψ n (να
Proof. Lemma 4.1 applied to I ψ n (να
. Note that τ ν −1 = ν by assumption. By looking at the GL 2 -factor, we see that
n−2 (ν)) = 0 for r = 0, 1. This is true for r = 2 by the last statement of Lemma 2.1 (2) . Put
Then HomG n (I ψ n (να −1/2 E ), K ψ n (ν)) = 0 by the Frobenius reciprocity. Since the functor IndG ñ P n 2 is exact, we have an exact sequence ν) ). We identify the space HomG n (R ψ n (V, ν), J ψ n (ν)), by the Frobenius reciprocity, with ν) ).
Since dim V ′ = ϱ n−2 − 1, we apply the last statement of Lemma 2.1 (2) to St ψ n−2 (ν) and R ψ n−2 (V ′ , ν) to show that HomG n (R ψ n (V, ν), J ψ n (ν)) = 0, which implies our statement in view of (5.2) . □ Lemma 5.3. Notations and assumptions being as in Lemma 5.1, we have dim HomG n (St ψ n (ν), H ψ n (ν)) = 1.
Proof. Taking (2.1) and Lemmas 5.1, 5.2 into account, we see that
), H ψ n (ν)).
By (5.3) we conclude that
HomG n (St ψ n (ν), H ψ n (ν)) = HomG n (I ψ n (να −1/2 E ), J ψ n (ν)) = HomG n (I ψ n (να −1/2 E ), H ψ n (ν)) = HomG n (St ψ n (ν), H ψ n (ν)).
In the last line we have used the fact that HomG n (R ψ n (V, ν), J ψ n (ν)) = 0, which was proved in the proof of Lemma 5.2. □ Remark 5.5. By Corollary 5.4 the restriction of Ψχ n (να
One can show that this map is nonzero by employing Lemma 8 of [14] . Now we complete the proof of Theorem 3.1(2), (3), (4) . Let π ≃ St ⊗ ν. When E = F , we let ν be a nontrivial quadratic character to get St ψ 1 (ν) ≃ A + 1,ψ (π) by Proposition 4 of [18] . If E ̸ = F , then
We may suppose by induction that St ψ n−2 ( τχ−1 ν E ) ≃ A +,χ n−2,ψ (π). Then A +,χ n,ψ (π) is equivalent to the unique irreducible subrepresentation of H ψ n ( 
Degenerate principal series for general linear groups
The following result is a special case of Proposition 4.6 of [21] . 
Let Q n be a parabolic subgroup of GL 2n whose Levi subgroup is isomorphic to (GL 2 ) n . When π is an irreducible infinite dimensional unitary representation of GL 2 (F ), we define A n (π) as the Langlands quotient of the standard module
Theorem 6.2.
(1) If π ≃ I(µ 1 , µ 2 ), then A n (π) ≃ I n (µ 1 , µ 2 ).
Proposition 1 and Lemma 8 of [14] gives a nonzero intertwining map
by which we can prove Theorem 6.2(1) as in the proof of Theorem 3.1(1).
with successive quotients
Proof. The proof is similar to that of Lemma 4.1. Letting N = m, ℓ 1 = ℓ, ℓ 2 = m − ℓ and ℓ 3 = 0 in Proposition 4.2 of [6] , we see that GL m (F ) is the disjoint union of the double cosets Ψ r = Q m j w r Q m ℓ (0 ≤ r ≤ k). The matrix w r = w r,j is defined in (4.17) of [6] . Put S m,j ℓ,r = w −1 r Q m j w r ∩ Q m ℓ . Then S m,j ℓ,r = T m,j ℓ,r U m,j ℓ,r by (4.24) of [6] , where T m,j ℓ,r and U m,j ℓ,r consist respectively of matrices 
where β ∈ GL r (F ), δ ∈ GL ℓ−r (F ), A ∈ GL j−r (F ) and D ∈ GL m−ℓ−j+r (F ). The stratification of GL m (F ) by Ψ r gives rise to an L m ℓ -stable filtration I m j (µ 1 , µ 2 ) = J k ⊃ J k−1 ⊃ · · · ⊃ J 1 ⊃ J 0 ⊃ J −1 = 0, where J r is the set of functions in I m j (µ 1 , µ 2 ) whose restriction to the closure of Ψ r+1 vanishes. The successive quotients are given by ,
The proof continues as in that of Lemma 4.1. □ One can derive the following results from Proposition 6.3 as in Section 5.
Corollary 6.4. Let n ≥ 2. Put
Then the space Hom GL2n(F ) ( I n (α Finally, we complete the proof of Theorem 6.2 (2) . We may assume by induction that St n−1 ≃ A n−1 (St). Then H n ⊗ ν is equivalent to a subrepresentation of I n (St) ∨ ⊗ ν. Corollary 6.4 concludes that St n ⊗ ν is equivalent to an irreducible subrepresentation of I n (St) ∨ ⊗ ν, which is unique and equivalent to A n (St ⊗ ν).
